
Distributed Optimization via Gradient Descent with
Event-Triggered Zooming over Quantized Communication

Apostolos I. Rikos, Wei Jiang, Themistoklis Charalambous, and Karl H. Johansson

Abstract— In this paper, we study unconstrained distributed
optimization strongly convex problems, in which the exchange
of information in the network is captured by a directed graph
topology over digital channels that have limited capacity (and
hence information should be quantized). Distributed methods
in which nodes use quantized communication yield a solution at
the proximity of the optimal solution, hence reaching an error
floor that depends on the quantization level used; the finer
the quantization the lower the error floor. However, it is not
possible to determine in advance the optimal quantization level
that ensures specific performance guarantees (such as achieving
an error floor below a predefined threshold). Choosing a
very small quantization level that would guarantee the desired
performance, requires information packets of very large size,
which is not desirable (could increase the probability of packet
losses, increase delays, etc) and often not feasible due to the
limited capacity of the channels available. In order to obtain a
communication-efficient distributed solution and a sufficiently
close proximity to the optimal solution, we propose a quantized
distributed optimization algorithm that converges in a finite
number of steps and is able to adjust the quantization level
accordingly. The proposed solution uses a finite-time distributed
optimization protocol to find a solution to the problem for a
given quantization level in a finite number of steps and keeps
refining the quantization level until the difference in the solution
between two successive solutions with different quantization
levels is below a certain pre-specified threshold. Therefore,
the proposed algorithm progressively refines the quantization
level, thus eventually achieving low error floor with a reduced
communication burden. The performance gains of the proposed
algorithm are demonstrated via illustrative examples.

I. INTRODUCTION

The problem of distributed optimization has become in-
creasingly important in recent years due to the rise of large-
scale machine learning [1], control [2], and other data-driven
applications [3] that involve massive amounts of data.

Most distributed optimization algorithms in current liter-
ature assume that nodes exchange real valued messages of
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infinite precision [4]–[8]. In distributed computing settings,
nodes typically communicate with each other over a net-
work that has limited communication bandwidth and latency.
This means that exchanging messages with infinite precision
can be impractical or even impossible. More specifically,
the assumption of infinite-capacity communication channels
is unrealistic because it requires the ability to transmit
an infinite number of bits per second. Additionally, most
distributed algorithms assume the transmission of rational
numbers, which however, is only possible over infinite-
capacity communication channels.

In order to alleviate the aforementioned limiting assump-
tion, researchers have focused on the scenario where nodes
are exchanging quantized1 messages [9]–[21]. This may lead
to a solution to the proximity of the optimal solution that
depends on the utilized quantization level. However, most
of the proposed works are mainly quantizing values of an
asymptotic coordination algorithm. As a consequence, they
are only able to exhibit asymptotic convergence to a solution
in the proximity of the optimal solution.

A recent work [22] proposed a finite-time communication-
efficient algorithm for distributed optimization. However, it is
not obvious how coarse/fine the quantization should be. If it
is too coarse, the solution to the optimization may lead to an
error floor that is considerably large and hence, unacceptable
(for the considered application). If it is too fine, then larger
packets are needed for communication (which means that the
overall system may experience delays, more packet losses,
etc). Since the exact solution is not known a priori though, it
is not possible to know whether the quantization level chosen
is sufficient.

Main Contributions. In this paper, we present a novel
distributed optimization algorithm aimed at addressing the
challenge of quantization level tuning. Our proposed algo-
rithm extends the quantized distributed optimization method
in [22] (which converges to an approximate solution within a
finite number of iterations). Our key contribution is a strategy
that dynamically adjusts the quantization level based on the
comparison of error floors resulting from different quanti-
zation levels. The proposed strategy allows us to assess the
satisfaction of the obtained solution, even in the absence of
knowledge about the optimal solution. Our key contributions
are the following.

1Quantization is the process of mapping input values from a large set
(often a continuous set) to output values in a (countable) smaller set. In
quantization, nodes compress (i.e., quantize) their value (of their state or
any other stored information), so that they can represent it with a few bits
and then transmit it through the channel.
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A. We present a distributed optimization algorithm that lever-
ages on gradient descent and fosters efficient communication
among nodes through the use of quantized messages; see
Algorithm 1. Our algorithm operates by comparing solutions
obtained with different quantization levels. If these solutions
exceed a predefined threshold, we continue to refine the
quantization level, otherwise, we terminate its operation; see
for example Fig. 1. While we cannot directly enforce the
exact desired accuracy, our algorithm can attain a desired
level of accuracy through the selection of an appropriate
threshold. For example, by setting the threshold in the order
of 10−7, we can guarantee an error floor as low as 10−6.
Remarkably, with each iteration of the optimization process,
the quantization granularity becomes finer, and the initial
conditions approach the vicinity of the optimal state. This
behavior resembles a distributed zooming process over the
optimization region.
B. We validate the performance of our proposed algorithm
through illustrative examples, demonstrating its effectiveness
in terms of communication efficiency and the computation of
optimal solutions; see Section V. The achieved improvement
in communication efficiency is substantial and holds practical
significance; see Remark 3.

II. NOTATION AND PRELIMINARIES

Notions. The sets of real, rational, integer and natural
numbers are denoted by R,Q,Z and N, respectively. The
symbol Z≥0 denotes the set of nonnegative integer numbers.
The symbol R≥0 denotes the set of nonnegative real num-
bers. The symbol Rn

≥0 denotes the nonnegative orthant of
the n-dimensional real space Rn. Matrices are denoted with
capital letters (e.g., A), and vectors with small letters (e.g.,
x). The transpose of matrix A and vector x are denoted as
A⊤, x⊤, respectively. For any real number a ∈ R, the floor
⌊a⌋ denotes the greatest integer less than or equal to a while
the ceiling ⌈a⌉ denotes the least integer greater than or equal
to a. For any matrix A ∈ Rn×n, the aij denotes the entry
in row i and column j. By 1, we denote the all-ones vector
and by I the identity matrix of appropriate dimensions. By
∥ · ∥, we denote the Euclidean norm of a vector.

Graph Theory. The communication network is captured
by a directed graph (digraph) defined as G = (V, E). This
digraph consists of n (n ≥ 2) nodes communicating only
with their immediate neighbors, and is static (i.e., it does
not change over time). In G, the set of nodes is denoted as
V = {v1, v2, ..., vn}, and the set of edges as E ⊆ V × V \
{(vi, vi) | vi ∈ V} (note that self-edges are excluded). The
cardinality of the sets of nodes, edges are denoted as |V| = n,
|E| = m, respectively. A directed edge from node vi to node
vl is denoted by (vl, vi) ∈ E , and captures the fact that node
vl can receive information from node vi (but not the other
way around). The subset of nodes that can directly transmit
information to node vi is called the set of in-neighbors of
vi and is represented by N−

i = {vj ∈ V | (vi, vj) ∈ E}.
The subset of nodes that can directly receive information
from nodes vi is called the set of out-neighbors of vi and
is represented by N+

i = {vl ∈ V | (vl, vi) ∈ E}. The in-

degree, and out-degree of vj and is denoted by D−
i = |N−

i |,
D+

i = |N+
i |, respectively. The diameter D of a digraph is

the longest shortest path between any two nodes vl, vi ∈ V .
A directed path from vi to vl of length t exists if we can
find a sequence of nodes i ≡ l0, l1, . . . , lt ≡ l such that
(lτ+1, lτ ) ∈ E for τ = 0, 1, . . . , t− 1. A digraph is strongly
connected if there exists a directed path from every node vi
to every node vl, for every vi, vl ∈ V .

Node Operation. Each node vi ∈ V executes a distributed
optimization algorithm and a distributed coordination al-
gorithm. For the optimization algorithm (see Algorithm 1
(GraDeZoQuC) below) at each time step k, each node vi
maintains

• its local estimate variable x
[k]
i ∈ Q (used to calculate

the optimal solution),
• γβ which is the time step during which nodes have

converged to a neighborhood of the optimal solution,
• the set Si which is used to store the γβ ,
• the variable indi (used as an indicator of the length of

the set Si),
• the variable flagi (used to decide whether to terminate

the optimization algorithm operation).

For the coordination algorithm (Algorithm 2 (FiTQuAC)
below) at each time step k, each node vi maintains

• the stopping variables Mi, mi ∈ N (used to determine
whether convergence has been achieved), and

• the variables yi ∈ Q, cyi , c
z
i ∈ Z, and zi ∈ Q, (used to

communicate with other nodes by either transmitting or
receiving messages).

Asymmetric Quantizers. Quantization is a strategy that
lessens the number of bits needed to represent information. It
is used to compress data before transmission, thus reducing
the amount of bandwidth required to transmit messages,
and increasing power and computation efficiency. Quanti-
zation is mainly used to describe communication constraints
and imperfect information exchanges between nodes such
as in wireless communication systems, distributed control
systems, and sensor networks. The three main types of quan-
tizers are (i) asymmetric, (ii) uniform, and (iii) logarithmic
[23]. In this paper we rely on asymmetric quantizers in
order to reduce the required communication bandwidth (but
our results can also be extended to logarithmic and uniform
quantizers). Asymmetric quantizers are defined as

qa∆(ξ) =
⌊ ξ

∆

⌋
, (1)

where ∆ ∈ Q is the quantization level, ξ ∈ R is the value
to be quantized, and qa∆(ξ) ∈ Q is the quantized version of
ξ with quantization level ∆ (note that the superscript “a”
indicates that the quantizer is asymmetric.).

The max-consensus algorithm converges to the maximum
value among all nodes in a finite number of steps sm ≤ D,
where D is the network diameter (see, [24, Theorem 5.4]).
Similar results hold for the min-consensus algorithm.
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III. PROBLEM FORMULATION

Let us consider a distributed network modeled as a digraph
G = (V, E) with n = |V| nodes. We assume that each node vi
is endowed with a local cost function fi(x) : R

p 7→ R only
known to itself, and communication channels among nodes
have limited capacity and as a result the exact states cannot
be communicated if they are irrational. In other words, only
quantized values can be transmitted/communicated and thus
x can take values that can be expressed as rational numbers.

In this paper we aim to develop a distributed algorithm
which allows nodes, despite the communication limitations,
to cooperatively solve approximately the following optimiza-
tion problem, herein called P1:

min
x∈X

F (x1, x2, ..., xn) ≡
n∑

i=1

fi(xi), (2a)

s.t. xi = xj ,∀vi, vj ∈ V, (2b)

x
[0]
i ∈ X ⊂ Q≥0,∀vi ∈ V, (2c)

nodes communicate with quantized values, (2d)

if ∥fi(x
[γβ−1]
i )− fi(x

[γβ ]
i )∥ ≤ εs, ∀vi ∈ V,

for any εs > 0, then terminate operation, (2e)

where β ∈ N, γβ is the optimization convergence point
for which we have fi(x

[1+γβ ]
i ) = fi(x

[γβ ]
i ) ∀vi ∈ V , X

is the set of feasible values of parameter x, and x∗ is
the optimal solution of the optimization problem. Eq. (2a)
means that we aim to minimize the global cost function
which is defined as the sum of the local cost functions in
the network. Eq. (2b) means that nodes need to calculate
equal optimal solutions. Eq. (2c) means that the initial
estimations of nodes belong in a common set. Note that
it is not necessary for the initial values of nodes to be
rational numbers, i.e., x

[0]
i ∈ X ⊂ Q≥0. However, nodes

can generate a quantized version of their initial states by
utilizing the Asymmetric Quantizer presented in Section II.
Eq. (2d) means that nodes are transmitting and receiving
quantized values with their neighbors since communication
channels among nodes have limited bandwidth. Eq. (2e)
means that nodes are tracking the improvement of their local
cost function between two consecutive convergence points
γβ+1 and γβ . If the improvement of the local cost function
of every node is less than a predefined threshold εs, then
they decide to stop their operation in a distributed way.

Remark 1. It will be shown later that our algorithm
converges to a neighborhood of the optimal solution due
to the quantized communication between nodes (see (2d)).
Therefore, with γβ we denote the time step for which
all nodes have converged to this neighborhood (i.e., it is
the optimization convergence point), and for this reason
fi(x

[1+γβ ]
i ) = fi(x

[γβ ]
i ),∀vi ∈ V .

IV. DISTRIBUTED OPTIMIZATION WITH ZOOMING OVER
QUANTIZED COMMUNICATION

In this section, we present a distributed algorithm which
solves problem P1 described in Section III. Before presenting

the operation of our proposed algorithm, we make the fol-
lowing assumptions which are necessary for the development
of our results.

Assumption 1. The communication network (described as a
digraph) G is strongly connected.

Assumption 2. For every node vi, the local cost function
fi(x) is smooth and strongly convex. This means that for
every node vi, for every x1, x2 ∈ X ,
• there exists positive constant Li such that

∥∇fi(x1)−∇fi(x2)∥2 ≤ Li∥x1 − x2∥2, (3)

• there exists positive constant µi such that

fi(x2) ≥ fi(x1) +∇fi(x1)
⊤(x2 − x1) +

µi

2
∥x2 − x1∥22.

(4)
This means that the Lipschitz-continuity and strong-convexity
constants of the global cost function F (see (2a)) are L µ,
defined as L = max{Li}, and µ = min{µi}.

Assumption 3. The diameter D (or an upper bound) is
known to every node vi in the network.

Assumption 1 is a necessary condition so that information
from each node can reach every other node in the network,
thus all nodes to be able to calculate the optimal solution x∗

of P1. Assumption 2 is the Lipschitz-continuity condition
in (3), and strong-convexity condition in (4). Lipschitz-
continuity is a standard assumption in distributed first-order
optimization problems (see [25], [26]) and guarantees (i) the
existence of the solution x∗, and (ii) that nodes are able to
calculate the global optimal minimizer x∗ for (2a). Strong-
convexity is useful for guaranteeing (i) linear convergence
rate, and (ii) that the global function F has no more than one
global minimum. Assumption 3 allows each node vi ∈ V to
determine whether calculation of a solution xi that fulfills
(2b) has been achieved in a distributed manner.

The intuition of Algorithm 1 (GraDeZoQuC) is the fol-
lowing.

Initialization. Each node vi maintains an estimate of the
optimal solution x

[0]
i , the desired quantization level ∆, and

the refinement constant cr which is used to refine the quanti-
zation level. Quantization level (i) is the same for every node,
(ii) allows quantized communication between nodes, and (iii)
determines the desired level of precision of the solution.
Additionally, each node initializes a set Si. This set serves
as a repository for storing the time steps during which nodes
have collectively calculated the neighborhood of the optimal
solution according to the utilized quantization level ∆. More
specifically, Algorithm 1 converges to a neighborhood of
the optimal solution due to the quantized communication
between nodes. Each node vi stores in Si the optimization
time step during which this neighborhood has been reached.

Iteration. At each time step k, each node vi:

• Updates the estimate of the optimal solution x
[k+ 1

2 ]
i by

performing a gradient descent step towards the negative
direction the node’s gradient; see Iteration step 1.
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• Utilizes Algorithm 2 (FiTQuAC); see Iteration step 2.
Algorithm 2 (details of its operation are presented
below) allows each node to fulfill (2d), and to calculate
in finite time an estimate of the optimal solution x

[k+1]
i

that fulfills (2b).
• Checks if the calculated estimate of the optimal solution

x
[k+1]
i is the same as the previous optimization step x

[k]
i ;

see Iteration step 3.
• If the above condition holds, then nodes have reached

a neighborhood of the optimal solution which depends
on the utilized quantization level (i.e., they reached the
optimization convergence point for the current quantiza-
tion level). In this case, node vi stores the corresponding
time step γβ = k at the set Si; see Iteration steps 3a,
3b.

• Checks if the difference between the value of its local
function at the current optimization convergence point
fi(x

[γβ ]
i ) and the value of its local function at the

previous optimization convergence point fi(x
[γβ−1]
i ) is

less than a given threshold εs; see Iteration step 3c.
• If the above condition holds, it sets its voting variable

equal to 0 (otherwise it sets it to 1). Then nodes
are performing a max-Consensus protocol to decide
whether they will continue the operation of Algorithm 1;
see Iteration step 3d. The main idea for executing
max-Consensus is that if every node finds that the
difference between fi(x

[γβ ]
i ) and fi(x

[γβ−1]
i ) is less than

εs (signaling convergence) then nodes opt to halt their
operation.

• After executing max-Consensus, if at least one node
detects that the difference exceeds εs (indicating a
lack of convergence) then nodes utilize the refinement
constant cr to adjust the quantization level and repeat
the algorithm’s operation accordingly, otherwise the
operation is terminated; see Iteration step 3e.

Algorithm 2 (FiTQuAC) allows each node to be able to
calculate the quantized average of each node’s estimate in fi-
nite time by processing and transmitting quantized messages,
with precision determined by the quantization level. FAQuA
algorithm utilizes (i) asymmetric quantization, (ii) quantized
averaging, and (iii) a stopping strategy. The intuition of
Algorithm 2 (FiTQuAC) is the following. Initially, each node
vi uses an asymmetric quantizer to quantize its state; see
Initialization-step 2. Then, at each time step η each node vi:

• Splits the yi into zi equal pieces (the value of some
pieces might be greater than others by one); see
Iteration-steps 4.1, 4.2.

• Transmits each piece to a randomly selected out-
neighbor or to itself; see Iteration-step 4.3.

• Receives the pieces transmitted from its in-neighbors,
sums them with yi and zi, and repeats the operation;
see Iteration-step 4.4.

Finally, every D time steps, each node vi performs in
parallel a max-consensus and a min-consensus operation; see
Iteration-steps 1, 2, 5. If the results of the max-consensus and
min-consensus have a difference less or equal to one, each

node vi (i) scales the solution according to the quantization
level, (ii) stops the operation of Algorithm 2, (iii) uses the
value x

[k+1]
i to continue the operation of Algorithm 1. Algo-

rithm 2 converges in finite time according to [27, Theorem 1].
It is important to note here that Algorithm 2 (FiTQuAC)
runs between every two consecutive optimization steps k and
k+1 of Algorithm 1 (GraDeZoQuC) (for this reason it uses
a different time index λ and not k as Algorithm 1).

Our proposed algorithm is detailed below as Algorithm 1.

Algorithm 1 Gradient Descent with Zoomed Quantized
Communication (GraDeZoQuC)
Input: A strongly connected directed graph G with n = |V|
nodes and m = |E| edges. Static step-size α ∈ R, digraph
diameter D, initial value x

[0]
i , local cost function fi, error

bound εs, quantization level ∆ ∈ Q, refinement constant
cr ∈ N, for every node vj ∈ V . Assumptions 1, 2, 3 hold.
Initialization: Each node vi ∈ V sets indi = 0, β = indi,
Si = {0}.
Iteration: For k = 0, 1, 2, . . . , each node vi ∈ V does the
following:
1) x

[k+ 1
2 ]

i = x
[k]
i − α∇fi(x

[k]
i );

2) x
[k+1]
i = Algorithm 2(x[k+ 1

2 ]
i , D,∆);

3) if x[k+1]
i = x

[k]
i , then

3a) set indi = indi + 1, β = indi, γβ = k;
3b) set Si = Si ∪ {γβ};
3c) if ∥fi(x

[γβ−1]
i )− fi(x

[γβ ]
i )∥ ≤ εs, then set voti = 0;

else set voti = 1;
3d) flagi = max - Consensus (voti);
3e) if flagi = 0 then terminate operation;

else set ∆ = ∆/cr and go to Step 1;
Output: Each node vi ∈ V calculates x∗

i which solves
problem P1 in Section III.

A. Convergence of Algorithm 1

We now analyze the convergence time of Algorithm 1 via
the following theorem.

Theorem 1. Under Assumptions 1–3, when the step-size α
satisfies α ∈ (n(µ+L)

4µL , 2n
µ+L ) and δ ∈ (0, n[4αµL−n(µ+L)]

2α[n(µ+L)−2αµL] )

where L = max{Li}, µ = min{µi}, Algorithm 1 generates
a sequence of points {x[k]} (i.e., the variable x

[k]
i of each

node vi ∈ V) which satisfies

∥x̂[k+1] − x∗∥2 < ϑ∥x̂[k] − x∗∥2 +O(∆2), (7)

where ∆ is the quantizer and

ϑ :=2(1 +
αδ

n
)(1− 2αµL

n(µ+ L)
) ∈ (0, 1), (8a)

O(∆2) =(8 + 32n2α̂2L2 +
32n2α̂L2

δ
)∆2. (8b)

Proof. The proof follows directly from the proof of [22,
Theorem 1], with the difference that the process is restarted
under some condition (eq. (2e)). The details are omitted due
to space limitations.
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Algorithm 2 Finite-Time Quantized Average Consensus
(FiTQuAC)

Input: x[k+ 1
2 ]

i , D,∆.
Initialization: Each node vi ∈ V does the following:
1) Assigns probability bli to each out-neigbor vl ∈ N+

i ∪
{vi}, as follows

bli =

{
1

1+D+
i

, if l = i or vl ∈ N+
i ,

0, if l ̸= i and vl /∈ N+
i ;

2) sets zi = 2, yi = 2 qa∆(x
[k+ 1

2 ]
i ) (see (1));

Iteration: For λ = 1, 2, . . . , each node vi ∈ V , does:
1) if λ mod (D) = 1 then Mi = ⌈yi/zi⌉, mi = ⌊yi/zi⌋;
2) broadcasts Mi, mi to every vl ∈ N+

i ; receives Mj , mj

from every vj ∈ N−
i ; sets Mi = maxvj∈N−

i ∪{vi} Mj ,
mi = minvj∈N−

i ∪{vi} mj ;
3) sets czi = zi;
4) while czi > 1 do

4.1) cyi = ⌊yi / zi⌋;
4.2) sets yi = yi − cyi , zi = zi − 1, and czi = czi − 1;
4.3) transmits cyi to randomly chosen out-neighbor vl ∈

N+
i ∪ {vi} according to bli;

4.4) receives cyj from vj ∈ N−
i and sets

yi = yi +

n∑
j=1

w
[r]
λ,ij cyj , (5)

zi = zi +

n∑
j=1

w
[r]
λ,ij , (6)

where w
[r]
λ,ij = 1 when node vi receives cyi , 1 from vj

at time step λ (otherwise w
[r]
λ,ij = 0 and vi receives no

message at time step λ from vj);
5) if λ mod D = 0 and Mi −mi ≤ 1 then sets x

[k+1]
i =

mi∆ and stops operation.
Output: x[k+1]

i .

Remark 2 (Convergence Precision). The focus of our con-
vergence analysis in Theorem 1 is on the optimization steps
performed during the operation of Algorithm 1. As stated,
an additional term O(∆2) appears in (7). This term affects
the precision of the calculated optimal solution. While some
distributed quantized algorithms in the literature exhibit
exact convergence to the optimal solution (e.g., see [9], [16]),
our Algorithm 1 adopts an adaptive quantization level to bal-
ance communication efficiency and convergence precision.
However, by setting εs = 0 during Initialization, Algorithm 1
can be adjusted to converge to the exact optimal solution
x∗ (by refining the quantization level infinitely often). This
characteristic is highly important in scenarios where higher
precision is crucial. Specifically, Algorithm 1 is able to
adjust to specific application requirements by performing a
trade-off between communication efficiency and convergence
precision. Furthermore, it is worth noting that Algorithm 1
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Fig. 1. Execution of Algorithm 1 over a random digraph of 20 nodes.

offers distinct advantages particularly in scenarios where
communication efficiency is a priority while maintaining
satisfactory convergence precision in various applications.
As will be shown in Section V, the operational advantages
of Algorithm 1 are evident, making it a valuable tool in
distributed optimization tasks.

V. SIMULATION RESULTS

In this section, we present simulation results in order to
demonstrate the operation of Algorithm 1 and its potential
advantages. More specifically:
A. We focus on a random digraph of 20 nodes and show how
the nodes’ states converge to the optimal solution (see Fig. 1).
Furthermore, we analyze how the event-triggered zooming (i)
leads to a more precise calculation of the optimal solution,
and (ii) allows nodes to terminate their operation.
B. We compare the operation of Algorithm 1 against exist-
ing algorithms in the literature, and we emphasize on the
introduced improvements (see Fig. 2).

For both cases A. and B. each node vi is endowed with a
local cost function fi(x) =

1
2βi(x−x0)

2. This cost function
is smooth and strongly convex. Furthermore, for fi(x) we
have that (i) βi is initialized as a random integer between 1
and 5 for each node in the network (and characterizes the
cost sensitivity of node vi), and (ii) x0 is initialized as a
random integer between 1 and 5 (and represents the demand
of node vi).
A. Operation over a random digraph of 20 nodes. In
Fig. 1, we demonstrate our algorithm over a randomly
generated digraph consisted of 20 nodes. For each node vi
we have α = 0.12, x[0]

i ∈ [1, 5], εs = 0.003, ∆ = 0.001,
cr = 10. In Fig. 1, we plot the error e[k] in a logarithmic scale
against the number of iterations. The error e[k] is defined as

e[k] =

√√√√ n∑
j=1

(x
[k]
j − x∗)2

(x
[0]
j − x∗)2

, (9)

where x∗ is the optimal solution of the problem P1.
In Fig. 1 we can see that our algorithm is able to converge

to the optimal solution. Furthermore, let us focus at time
steps k = 13, 14, and k = 21, 22. At time steps k = 13, 14
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Fig. 2. Comparison of Algorithm 1 against [8], [22] over a random digraph
of 20 nodes.

we have that the condition in Iteration Step 3 holds (i.e.,
x
[13]
i = x

[14]
i for every vi ∈ V), and e[13] = e[14]. Therefore,

during time step 14, nodes are checking the overall improve-
ment of their local cost functions (i.e., Iteration Step 3c).
Since this condition does not hold for at least one node,
they decide to refine the quantization level (i.e., set ∆ =
∆/10 = 0.0001), and continue executing Algorithm 1. At
time steps, k = 14, ..., 21, nodes are able to approximate the
optimal solution with more precision than before since the
precision depends on the quantization level (as we showed
in Theorem 1). At time steps k = 21, 22 we have that
the condition in Iteration Step 3 holds again. However,
during time step 22 the overall improvement of every nodes’
local cost function is less than the given threshold ϵs, i.e.,
∥fi(x[14]

i )− fi(x
[22]
i )∥ ≤ εs, for every vi ∈ V (see Iteration

Step 3c). As a result, nodes decide to terminate the operation
at time step k = 22 (see Iteration Step 3e). Note here that
a choice of a smaller ϵs may lead nodes to refine again the
quantization level. This refinement (i.e, ∆ ≤ 0.00001) will
allow them to approximate the optimal solution with even
higher precision.
B. Comparison with current literature. In Fig. 2, we
compare the operation of Algorithm 1 against [8], [22]. We
plot the error e[k] defined in (9). For the operation of the three
algorithms, for each node vi we have α = 0.12, x[0]

i ∈ [1, 5],
εs = 27 · 10−7, ∆ = 0.001, cr = 10 (note that [8] is not
utilizing εs, ∆, cr, and [22] is not utilizing εs, cr). Our
comparisons focus on:
B-A. The convergence of Algorithm 1 compared to [8], [22].
B-B. The required communication for convergence (in terms
of bits per optimization step) of Algorithm 1 compared to
[8], [22].

B-A (Convergence). In Fig. 2 we can see that Algorithm 1
converges identically to [22] for optimization steps k =
0, ..., 12. However, at time step 12, each node refines the
quantization level (because the condition at Iteration Step 3c
of Algorithm 1 does not hold for at least one node). In this
case, for time steps k > 12 we can see that Algorithm 1
approximates the optimal solution with higher precision than

[22]. This is mainly because [22] utilizes a static quantization
level, which is not refined during the operation of the
algorithm. Then, at time step k = 21, Algorithm 1 refines
again the quantization level, obtaining an even more precise
estimation of the optimal solution. However, at time step
k = 27, we have that the condition at Iteration Step 3c holds
for every node and Algorithm 1 terminates its operation.
Finally, in Fig. 2 we can see that [8] exhibits linear con-
vergence rate and is the fastest among the three algorithms.
However, during its operation, each node needs to form the
Hankel matrix and perform additional computations when the
matrix loses rank. This requires the exact values from each
node. It means that nodes need to exchange messages of
infinite capacity which is practically infeasible and imposes
excessive communication requirements over the network.
Therefore the main advantage of Algorithm 1 compared to
[8], is that nodes exchange quantized values guaranteeing
efficient communication.

B-B (Communication). In Fig. 2, let us focus on com-
paring Algorithm 1 with [22] for ∆ = 0.00001 (see green
circles line in Fig. 2). Specifically, we will focus on the
communication requirements (in terms of total number of bits
and bits per optimization time step) for achieving the error
e[27] for Algorithm 1 (which is the same as the error e[21] for
the algorithm in [22]). The communication bits are calculated
as the ceiling of the base-2 logarithm of the transmitted
values. For example if node vi transmits the quantized value
α, then the number of bits it transmits is equal to ⌈log2(a)⌉.
Note that comparing Algorithm 1 with [22] for ∆ = 0.001,
and ∆ = 0.0001 can be shown identically. In Fig. 2, we have
that during the operation of [22] for ∆ = 0.00001, nodes
are utilizing in total 800754 bits for communicating with
their neighbors. This means that the average communication
requirement for each node is 800754

(20)(21) = 1906.55 bits per op-
timization time step (since the network consists of 20 nodes
which need 21 iterations to converge). During the operation
of Algorithm 1, nodes are utilizing ∆ = 0.001 for steps
k = 0, ..., 12, ∆ = 0.0001 for steps k = 13, ..., 21, and ∆ =
0.00001 for steps k = 22, ..., 27. For steps k = 0, ..., 12,
nodes are utilizing in total 195607 bits for communicating
with their neighbors. For steps k = 12, ..., 21, nodes are
utilizing in total 215635 bits for communicating with their
neighbors. For steps k = 21, ..., 27, nodes are utilizing in
total 201044 bits for communicating with their neighbors.
The total requirement of bits is 612286 for k = 0, ..., 27. This
means that the average communication requirement for each
node is 612286

(20)(27) = 1133.86 bits per optimization time step.
As a result, Algorithm 1, is able to approximate the optimal
solution with precision similar to [22] (for ∆ = 0.00001),
but its communication requirements are significantly lower
in terms of total number of bits and bits per optimization
time step.

Remark 3. During the analysis in B-B, we have that
Algorithm 1 requires less bits for communication compared
to [22] (for ∆ = 0.00001) because nodes are utilizing a
higher quantization level than [22] for optimization steps
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k = 1, ..., 21. This means that nodes are utilizing less bits to
quantize and transmit their states towards their neighboring
nodes. However, note here that during the operation of Algo-
rithm 1 we can further improve communication efficiency by
shifting the quantization basis after we refine the quantiza-
tion step. Shifting the quantization basis means changing the
location of the quantization levels relative to the states of the
nodes. This can be done by adding/subtracting a constant
value to the states of the nodes before quantization. This
constant value that we can subtract is equal to the optimal
solution to which the states of the nodes have converged
before refining the quantization level. For example, in Fig. 2,
during optimization step k = 15, node vi will quantize the
state x

[15]
i −x

[γ1]
i (where x

[γ1]
i is equal to x

[12]
i ). This strategy

increases even further communication efficiency since the
states of the nodes can be represented using fewer bits
without sacrificing the accuracy of the calculated optimal
solutions during the optimization operation. It will be further
analyzed at an extended version of our paper.

VI. CONCLUSIONS

In this paper, we considered an unconstrained distributed
strongly convex optimization problem, in which the exchange
of information is done over digital channels that have limited
capacity (and hence information should be quantized). We
proposed a distributed algorithm that solves the problem
with a solution at a close proximity to the optimal, by
progressively refining the quantization level of a node,
thus guaranteeing a certain error floor and more efficient
communication (smaller packets/reduced number of bits). A
simple numerical example shows the performance of our
proposed algorithm and highlights the benefits in terms of
communication efficiency. More specifically, in the specific
example it was shown that the number of bits needed is
∼ 25% less when the quantization level is refined.
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